EPFL - Fall semester 2025 J. Scherer
Cohomology rings Solution 3
MATHEMATICS

¢ Exercice 1. A function chain complex. Just like categories are enriched over themselves
(there is a category of functors and natural transformations), and just like spaces are enriched over
themselves, so are chain complexes. We define in this exercise a chain complex of chain maps. Let
C,, D, be two chain complexes of R-modules.

Define #2s7g(Cs, D), to be the product [], Homg(Cy, Dy1,) and the differential is given by
du(f) = dP,, 0 f + (~1)"] o dC.

Recall that the tensor product Cy ® D, is given in degree n by €
is given on the component C; ® D; by df ® id + (—1)"id ® d?.

1. Verify that this defines a chain complex #2272 g(Cs, D,).

C; ® D; and the differential

i+j=n

2. Show that Hy(zr2p(Cs, De)) = [Cs, D,], the abelian group of homotopy classes of chain
maps.

3. Show that H, (2 r(C,, D)) = [Ce[n], D,], the abelian group of homotopy classes of chain
maps of degree n.

4. Verify that the pairing (—, —): H#ueg(Cs, D) @r Co — D, defined by (f,c) = f(c) is a
chain map, i.e. d”(f,c) = (df,c) + (=1)"(f,d¢).

5. Prove that composition 2z g(De, Ee) @ H e g(Ce, Do) — H o2 r(Cs, E,) is a chain map
(use the notation from point 4.).

Solution 1 (by Blaise and Berk)

1. First, Homg(Cs, D,),, are R-modules and d is R-linear. We show that d*> = or
Hompg(C,, D,),, let us denote by f; the map from C; to D;,. Then we compute dn+1(
d2 . (fi) = (=1)"fi_1 o dS. Then composing with d,, we get,

f
i)

Il m

dp o dny1(fi) = d??—l—z © d7?+1+zfz (— )n—Hdr?—Hfl 10 dc
(1A fir 0 + (1P 0 d€ o dF.

Using that (d”)? = 0 = (d)? we see that equation above is equal to zero.

2. Elements of Hompg(C,, D)o are collections of maps f, : C, — D,. They are in general not
chain maps as they do not commute with the differential. However, cycles are exactly the
collection of such collections which are chain maps.

Indeed, being in the kernel of d means that d(f), = 0 = dP(f,) — f,(dS’) which is exactly the
condition needed for being a chain map.

So Ho(Hompg(C,, D,)) is a quotient of the abelian group of chain maps. So it suffices to
show that this quotient is exactly the same as the equivalence relation given by homotopy.

As Hy(Hompg(Cs, D)) = ker(dy)/Im(d,), it’s enough to show that f ~0 < f € Im(d,)



To show this, we can remark that f ~ 0 means that there is a homotopy h, : Cj—1 — D,
such that f; — 0 = hgod{ +d2, 0 hgyr = d(h)q. As hg : Cqu1 — Dy, it is an element of
Hompg(C,, D,);.

We now see that the condition f ~ 0 through h is equivalent to d(h) = f, so our claim is
proved.

. Now we want to show that H,( Amp(Cs, Ds)) = [Ca[n], D) :
First we observe that every f € Hq Hompg(Cy, Dytrn) can be seen as an element of

H HOHlR q+n7 Dq+n)7

indeed : Vq we write
q+n fq [ ]q+n = Cq — Dq+n

Then F'isin [] . Hompg(C[n],, D,) and is uniquely defined by f so we can define the following
isomorphism :

D HHomR(Cq,Dq+n) — HHomR(C’[n]q, D,)

fr— F

By point 2) we have that Ho( Amp(Caln], Do) = [Cu[n], D). Let us proove that ® defines
an isomorphism from H,,( Amp(Cy, Da)) to Ho( Aomp(Caln], D).

First f is a chain map of degree n if and only if F' is a chain map because those two commu-
tative diagrams are equivalent :

Fr+q fq
Clnfnq — Dain Cq — Dgin
et | = Jevag e
Foyq- fa—1
O[n]n+q—1 ;i Dq+n—1 Cq 1 —> Dqun 1
So @ defines an isomorphism from Z,( Amg(Cy, Da)) to Zo( Hemir(Caln], D,)) by restricting

him to those groups .

Now take f,g € Zn(%zR(C.,D.)) such that F' and G are homotopic equivalent when
F and G are the image of f and g . Then we can find H € [[, Homp(C[nl, 44, Dnigt1) such
that :

Frig = Gnig = dn+q+1 0 Hyin+ Hpyg-10 qu[:z]

We define i to be a map in [, Homg(Cy, Dy1ni1) by hy = Hyyp Then we have :
(s (M) = s 0 g = (-] >"+lhq vody = d7y 1 0 Hypn + Hugor 0 dgi,
qt+n q+n fq

Which means that f and g have the same image in H,(Amg(Cy, D).



Conversely, if f,g € Zn(Homn(Ca,Ds)) have the same image in H,( Amp(Cy, D,)) then
we can find h € [, Homp(Cy, Dyyn) such that f; — g, = (dnt1(h))q

Then define H a map in [, Homg(C[n]yi¢; Dgini1) by : Hypn = hy. Then H gives us a
homotopy between F' and G.

We define 7 and ¢ to be the following quotient maps :

T ZO(%”R(CO[TL]’ Do)) — HO(%”R(CO[TL]’ Do)) q: Zn(%ﬂ}%(cu D.)) — Hn(%mR(CMDO))
F— [F] fr—=1f]

Then the discussion above and the universal property of group quotient gives us the following
commutative diagram

Zo( Homr(Ca, Do) —=%5 Ho( Aem(Caln], D))

lq / WT

H,.( Hp(Cy, D)) oo Zo( Hemi(Caln], Dy))

So we have that H,( Amg(Ca, Da)) = Ho( Aomp(Caln], D.)) = [Cu[n], D).
4. We compute,

(df,c) + (=1)"(f,d%) = {d;) o f = (=1)"fy-10dg )
+ (=1)" fy1(dg (¢) = d)y, f(c) = d°(f ).

So the pairing is a chain map.

5. Let i +j = n and f € Homg(D, E) of degree i, g € Homg(C,D) of degree j. Then,
d(f®g)=(dif)® g+ (-1)'f ® (d;g), taking composition we have,

(dif)ivjo g+ (=1) frrjor 0 (djg) = diy fvso 90— (=1)" fisjor1 0 g1 o dy.
+ (1) frrjmr0dP 0 g0 — (1) figjm10dY o gy
=dl fieiog — (=1)"fiyj10g10dy
= (dn(fog)h

Hence we have the commutativity, where we used ¢ 4+ j = n on the first equation and did the
calculation for composition on {** rank.

¢ Exercice 2. The normalized bar resolution. The purpose of this exercise is to reduce the
bar resolution by killing an “obviously” acyclic subcomplex in the standard bar resolution. Let F,
be the bar resolution, so F,, = Z[G”“]. Let D,, C F,, be generated by the elements (go, ..., g,) for
which there exists an index ¢ with ¢; = g;.1.

1. Verify that this defines a subcomplex D, of ZG-modules. Show that it is generated, as a free
ZG-module by the elements [g1] ... |g,] for which there exists an index i with g; = 1.

2. Show that the contracting homotopy from Sheet 1, Exercise 3, restricts to D,, and therefore
induces a contracting homotopy on the normalized chain complex Fg = F,/D,.



3. Identify a basis of F, in degrees 0, 1, 2, and 3, and the differentials.

4. Let M be a ZG-module. Identify normalized cocycles and coboundaries in Homge(F,; M) in
degrees 0, 1, and 2.

Solution 2 (by Till and Junda)
1. Let g = (g0,---, i, Gis---»gn) € Dy. Then computing d,,(g) yields

i—1 n
Z(_l)]@]<g)+£_1)l<go7 e Gis Gig 2, - - ’gn) + (_1)“_1(907 vy Giy Giv2,y - - - 7971) + Z (_1)]8](9)
=0 > j—it2

The remaining terms all carry the two adjacent and equal coordinates, so that the sum is
indeed in D,,_1, making D, a subcomplex. Every (go, ..., i, Gi,---,9n) € D, can be written
uniquely as

(90 -+ Gir Gis -+ 9n) = 9o~ 90 " g1lgr " g2l - - |90 2190,

where the ¢ 4 1-th term will be g, lg; = 1. Conversely, by definition all bar elements with a
1 are in D,, and they are all linearly independent (bar elements are linearly independent in
general), so they form a basis for D,, and make it a free ZG-module.

2. The homotopy h is defined by adding a 1 in front of all previous coordinates : it preserves
the property that some pair of adjacent coordinates are equal. Thus, h,(D,) C D, shows
that h induces the same homotopy on the normalised chain complexes.

3. According to point 1., one basis for F,, is given by

{loal- - lgn] = 9 # 1 Vi} = (G\A{1}D)".
For Fy, the generator [ ] is unaffected and forms the usual 1-element basis. For F'; we get the
basis
gl g# 1y =G\ {1},
for F'5 the basis

{lgln] - g, h # 1} = G\ {1} x G\ {1},
and for F5 the basis

{lglhIk] = g, h ke # 1} = G\ {1} x G\ {1} x G\ {1}.

The differentials are as usual, namely

di([9]) = g[1=[], da([glh]) = glh]=[ghl+[g] and ds([g|h|k]) = g[h[K]—[ghlk]+[g|hk]=[g|n].

However, terms might get canceled in the quotient, for instance (there are other combinations)
da(lglg™"]) = glg™ "1+ [g7"] and ds([glg~*|g]) = glg™'|g] — [glg™"]-

4. We are now given the cochain complex

0 —— Hong(ﬁo,M) d—l> HOng(Fl,M) d—2> Hong(ﬁg,M) d—3> HOng(Fg,M) —_— -



Considering the bases found in point 3., we can identify these Hom modules up to isomorphism
as below :

0 —— M —%s Mapy(G, M) —£— Map,(G2, M) —£— ...

because of the free ZG-module structure, where we defined
Mapy(G, M) ={f:G— M : f(1)=0}= [ Mlg]
geG\{1}

and

Mapy(G*, M) = {f : G* — M : f(g,1) =0 = f(1,h)Vg,he G} =[] M[glh],
g,heG\{1}

and so on; in general we will have

Mapy(G", M) ={f:G" — M : f(g1,...,9,) = 0if g; = 1 for some i} = H Mlgi| ... |gn)

917--~:97L€G\{1}

Further we have d’ = Hom(d;, M) given by pre-composition by d;.
The 0-coboundaries are the image of 0, i.e. are trivial as always. The 0-cocycles are the
elements in ker d', i.e. elements m € M such that

0=d'(m)(g) = ([] = m)(di(lg])) = ([] = m)(g[] = []) = gm —m

for all g € G. Thus, this is exactly the invariants M and because the 0-coboundaries are
trivial, H°(G, M) = M¢©.
The 1-coboundaries are elements in the image of d', i.e. maps of the form

flg) = d'(m)(g[]) = gm —m

for some m € M (notice that this forces f(1) = 0 as needed). The 1-cocyles are the ZG-
homomorphisms F' € Hom(F';, M), extended linearly from the data of some f € Map,(G, M),
verifying

0= (d*(F)(g, h) = F(dx([g|h])) = g - f(h) = f(gh) + f(9),
i.e. the maps verifying f(gh) =g f(h) + f(g), for all g,h € G (notice that setting g or h to
1 still works because we forced f(1) = 0). Maps of this form are called derivations and we
write their group Der(G, M) = ker d>. The 1-coboundaries are called principal derivations,
and form a subgroup Prin(G, M) < Der(G, M), leading to the result

H'(G, M) = Der(G, M)/ Prin(G, M).
The 2-coboundaries are the maps in the image of d?, i.e. maps verifying
F(g,h) =g- f(h) = f(gh) + f(g) forall g,h €@,

for some f € Map, (G, M). Finally, the 2-cocyles are the ZG-homomorphisms F' € Hom(Fy, M),
extended linearly from the data of some f € Map,(G?, M), verifying



¢ Exercice 3. Extension of scalars. Let a: R — S be a ring homomorphism. We will write M
for an R-module and N for an S-module.

1.

Extension of scalars. Show that S®g M is an S-module and the map M — S®xr M defined
by m — 1 ® m is an R-module map.

Universal property. Any R-module map f: M — N factors through the extension of scalars
map from point 1.

Apply Point 2 to the identity to obtain a canonical S-module map S ®gp N — N and show
its surjectivity.

Co-extension of scalars. Dualize briefly to obtain a canonical injective S-module map
N — Hompg(S, N).

Identify the extension and co-extension of scalars associated to the inclusion a: ZH — ZG.

Solution 3. (by Eliot and Damien)

1.

We define the S-module product in the following way : for t € S;s g m € S ®r M,
t-(s®@rm):=ts®@gm and extend distributively on general element of S ®@p M.

We still have to check that the action of S is associative with the product of the ring S. It
arises naturally from the associativity of S : for t1,ty € S, (t1t2) - (s@rm) = ((t1t2)s) ®gm =
(t1(tes)) ®@rm =ty - (tas ®g m). Also we have that 1- (s®gm) = (1-5) Qg m = s Qg m.

We want to show that the map ¢ : M — S ®r M sending m to 1 ®g m is a R-module map.
Forre RmeM:pirm)=1Rrrm =a(r)@gm =71 (1 ®gm) =1 -g p(m) where g is
the scalar multiplication on the R—module S ®r M.

Define a map ¢y : S®r M — N by ¢;(s @gm) := s-n f(m) where -y is the scalar multipli-
cation in the S- module N. It is well defined since f is a R-module map. Then by definition,

f(m) =1y op(m).

We want to check that it is a morphism of R-module. Let »r € R,s g m € S Qr M :
Vp(r-r(s@rm)) = Vp((afr)-s)@rm) = (a(r)-s)-n f(m) =r-y(s-n f(m)) =r-ntb(s@rm)

Here we abuse a bit of the notation since N is an S-module but also a R-module with the
multiplication 7 - n := a(r) - n.

We get a map ¢;q: S®r N — N : s®@rn — s-n, it is clear that it is a S- module map. The
map is surjective since for any n € N, ¢;4(1 ®gn) = n.

Let’s dualize the previous constructions. First of all the dual object of S®gM is Hompg(S, M),
it is also an S-module, and we have a R-module map ¢ : Homg(S, M) — M given by
g — ¢g(1). Now observe that for any R-module map f : N — M, it factors through the
co-extension of scalars :

N % Hompg(S, M) -2 M

where ¥ (n)(s) = f(s-n), so that f = ¢ o 1. We can apply this construction to id : N — N,
and we get a an S-module map N — Homg(S, N) given by n +— g,, where g,(s) = s-n. And
this map is injective because if g, = ¢,/, we have in particular n = g, (1) = g (1) = n’.



5. Let H be a subgroup of GG, and o : ZH — 7ZG be the inclusion. Then the extension of
scalars sends the H-module M to the G-module ZG ®zy M. So the extension of scalars is
the induction from H to G. And the co-extension of scalars sends the H-module M to the
G-module Homyy (ZG, M). So co-extension of scalars is the coinduction from H to G.



